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of the band structures in solids, which describes how the two neighboring Bloch functions are overlapped in the crystal momentum (k)-space, plays important roles in a variety of phenomena [1] [2] [3] . (|u k is the periodic part of the Bloch function with crystal momentum k, and ∇ k is the gradient operator with respect to k.) This a(k) plays the role of the vector potential, and leads to the Berry curvature
analogous to the magnetic field. The Berry connection a(k) has the physical meaning of the intracell coordinate [4, 5] , i.e., the real-space position of the wavepacket measured from the Wannier coordinate reads
On the other hand, the Berry curvature b(k) gives a nonzero commutation relation between the components of the realspace coordinate r. For example,
Therefore, the wavepackets made of the Bloch functions are described by the non-commutative quantum mechanics. This fact leads to the so-called anomalous velocity and also the intrinsic anomalous Hall effect (AHE) in metallic ferromagnets [6] [7] [8] [9] [10] . Namely, the transverse anomalous velocity to the external electric field is induced by the Berry curvature b(k), which is the dual to the Lorentz force due to the magnetic field in real space. This intrinsic mechanism due to the geometric nature of the Bloch wavefunctions is now confirmed in many materials by the comparison between the first-principles calculations and experiments [11] [12] [13] [14] [15] . Historically, however, the intrinsic mechanism of the AHE was questioned for a long period, as the impurity scatterings relax the momentum distribution to the steady state under the external electric field. As impurity scatterings are inevitable in solids and they seem to cancel the force acting on the electrons, the anomalous velocity induced by the Berry curvature was expected to vanish; thus, no intrinsic AHE. Therefore, the extrinsic mechanisms due to impurity scattering were established earlier. Historically, Smit was the first to propose the extrinsic mechanism of AHE by the skew scattering [16, 17] , where the transition probability for the scattering k → k ′ is different from that of k ′ → k, i.e., the detailed balance condition is broken. Later, another extrinsic mechanism called side jump was proposed [18] , where a transverse shift of the electron trajectory occurs at the scatterers.
Usually, the intrinsic and extrinsic mechanisms of AHE are discussed separately, and considered to be dominant in different regimes of the longitudinal resistivity ρ xx [15] ; the intrinsic one is dominant in the region 1µΩcm < ρ xx < 1mΩcm while the skew scattering is dominant for ρ xx < 1µΩcm. The side jump mechanism is also effective, but often smaller than these two. Technically, skew scattering appears in the second Born approximation [19] ; it appears from the interference of the first order and second order scattering processes. In this mechanism, the spin-orbit interaction (SOI) at the scatterer plays a key role in the asymmetry of the scattering amplitude.
In this paper, we study the scattering by a potential without SOI for the electronic states with finite Berry curvature in terms of the non-commutative quantum mechanics. The key observation is that the nonzero commutators between the components of the real-space coordinates urge to introduce the new canonical coordinates, which satisfies the usual commutation relations [See Eqs. (8) below.]. This results in the asymmetric scattering as we see in Eqs. (12) and (22), which leads to the skew scattering.
Remarkably, Smit already discussed that the SOI at the impurity potential is not required for the skew scattering [17] . When the host electronic states are influenced by the SOI, the scattering matrix element contains the skewness which is typically expressed by
where σ is the Pauli matrices vector corresponding to the electron spin, λ is the coefficient of scattering, typically in the order of the SOI, and k and k ′ are the wavevectors before and after the scattering. This is the usual form of the potential for spin-orbit scattering. Our result in Eqs. (12) and (22) has a similar form to Eq. (5) when b is replaced by σ.
Model -In this paper, we consider a three-dimensional space denoted by x = (x, y, z) = (x 1 , x 2 , x 3 ) and its momentums p = (p x , p y , p z ) = (p 1 , p 2 , p 3 ) with the following commutation relations:
where i, j = 1, 2, 3. Throughout this paper, we puth = 1.
To study the effect of impurity scattering, we here consider a single particle Hamiltonian of spinless fermion with (nonmagnetic) impurities:
where H 0 is the Hamiltonian for the free electrons and H V is the impurity Hamiltonian; V is the strength of potential induced by a scatterer, δ(x) is the three-dimensional delta function, and x i is the position of the impurity. The sum in the second term is over all impurities indexed by i. Note that V has the dimension of (energy)×(length)
3
; when we consider the case of impurity atoms replacing the host atoms forming a lattice, V should be replaced by va 3 , where v is the potential energy and a the lattice constant (Hereafter, we take the unit a = 1.). In the discussion below, we treat H V as a perturbation and assume V is the same for all impurities. However, an extension to a set of impurities with different scattering strength is straightforward.
Skew scattering -We first investigate the scattering problem with one impurity at the center, i.e., x 0 = 0. For simplicity, we set b = (0, 0, b) to be constant. The eigenstates of single particle Hamiltonians with the commutation relation in Eq. (6) can be obtained by introducing an alternative set of commutative "position" operators, X 1 and X 2 , that gives two sets of canonical coordinates and momenta, (X 1 , p 1 ) and (X 2 , p 2 ) [20] :
We, here, use this approach to calculate the scattering amplitude of the Hamiltonian in Eq. (7a). Using X i instead of x i in Eq. (6), we obtain three sets of canonical coordinates and momenta:
Using X i , the impurity Hamiltonian reads
where (· · · ) 3 is the i = 3 component of the vector in the round bracket. Here, we used Baker-Campbell-Hausdorff formula to factorize the exponential function. As we see in the following calculations, the outer product in Eq. (12) gives rise to the skew scattering similar to Eq. (5).
We calculate the transition probability W k→k ′ using Born approximation. Within the second Born approximation,
where
and
are the first and second Born terms, respectively. Here, |k is the eigenstate for p, p|k = k|k , ε k = k 2 /2m is the eigenenergy of |k (k = |k| is the length of vector k), Ω is the volume of the system, and G(x, ω) is the Green's function for
In Eq. (19), Λ is the cutoff introduced to avoid the divergence that appears in the integral for k ′ in Eq. (18); we take the Λ → ∞ limit at the end of the calculation of F (2) = (k ′ , k). The result in Eq. (17) is after taking the Λ → ∞ limit; it turns out F (2) (k ′ , k) converges to a finite value in the limit. Using the F (1) (k ′ , k) and F (2) (k ′ , k), we calculate the asymmetric part of the scattering rate W (asym) k→k ′ . We find that the leading order of the asymmetric part is V 3 ; it arises from the products
Here,
n i = N i /Ω is the density of impurities, Ω is the volume, and N i is the number of impurities. In Eq. (22), we expanded (22) has the same k dependence as that of skew scattering induced by an impurity with spin-orbit interaction [Eq. (5)].
Boltzmann Theory -We next investigate how the antisymmetric scattering term contributes to AHE. For this, we here consider a semiclassical Boltzmann theory with an antisymmetric scattering amplitude:
where q is the charge of the particle, E is the external d.c. electric field, v k = ∇ k ε k is the velocity of the electron in k state, f ′ 0 (ε) = df 0 (ε)/dε with f 0 (ε) is the Fermi-Dirac distribution function, and ρ(ε k ) = mk/2π 2 is the density of states for H 0 at energy ε k . We here assumed the occupation of electrons f k is close to f 0 (ε k ), i.e.,
where g k is the small deviation from f 0 (ε k ); the equation is expanded to the linear order in g k . In addition, in Eq. (24), we used the relaxation time approximation for the symmetric part of the scattering rate,
i.e., the scattering term that involves W (sym) k→k ′ is replaced by −g k /τ , where τ is the relaxation time.
For the integral in Eq. (25), we assumed the form
being the function of k; this is a generalization of the antisymmetric scattering term in Eq. (22). The integral is written using the polar coordinate
; the radius is fixed to k ′ = k due to the energy conservation, i.e., the delta function in Eq. (22). Equation (25), is solved using a self-consistent approach. For this, we introduce a new parameter
On the other hand, using Eqs. (25) and (29), g k become
Substituting Eq. (30) into g k in the integrand of Eq. (29), the solution for P (k) reads
Therefore, to the leading order in E, Eq. (30) reads
Hence, the contribution from impurity scattering to the transverse conductivity reads
where k F is the Fermi velocity and ε F is the Fermi energy. For the W (asym)
wherex 3 = (0, 0, 1) is the unit vector along the x 3 axis. Therefore, the transverse conductivity become
When the major source of scattering is the elastic scattering by the impurities, τ in Eq. (33) is estimated to be 1/τ ∼ n i V 2 ρ(ε F ). On the other hand, from Eq. (22), we see that the leading order ofṼ
F . Therefore, similar to the skew scattering by an impurity with SOI, the Hall conductivity is σ xy ∼ ρ(ε F )V k 2 F bσ xx with σ xx = nq 2 τ /m being the longitudinal conductivity. Hence, the Hall angle for the AHE due to skew scattering is estimated as σ xy /σ xx ∼ V ρ(ε F )k 2 F b. This result indicates a relation between the longitudinal (ρ xx ) and transverse (ρ yx ) resistivities ρ yx ∝ ρ xx with the fixed strength of the impurity potential V .
In addition to the skew scattering we discussed here, an electronic band with a finite net Berry curvature shows intrinsic AHE [6] [7] [8] ; the intrinsic Hall conductivity is proportional to the number of carriers and Berry curvature, σ
A key difference is that σ
xy is insensitive to the longitudinal conductivity. Therefore, it is expected that, the skew scattering becomes the major source of Hall effect when the system is clean while the intrinsic Hall effect dominates when σ xx is small. The crossover occurs when σ
this indicates that the crossover of AHE from intrinsic to skew scattering occurs at σ xx ∼ q 2 /mV . Therefore, the crossover occurs at a smaller value when V is stronger.
To summarize, in this work, we studied the anomalous Hall effect from the viewpoint of non-commutative quantum mechanics. In presence of the Berry curvature b(k), we find that a non-magnetic impurity without spin-orbit interaction also contributes to the skew scattering. Using a Boltzmann theory, we present the explicit form of the anomalous Hall conductivity induced by this mechanism. Analogous to the case of the skew scattering by an impurity with spin-orbit interaction, the skew scattering in the current mechanism also results in a Hall conductivity that is linearly proportional to the longitudinal conductivity.
In real materials, the Berry curvature in the band structure often arises as a consequence of spin-orbit interaction. Our results here shows that, in the materials where the bands are strongly modified by the spin-orbit interaction, a nonmagnetic impurity with negligible spin-orbit interaction can be a source of skew scattering, which then results in an anomalous Hall effect once the electron (pseudo)spin is polarized, e.g., in a ferromagnetic phase.
Our result also implies that the Berry curvature of the electrons are the key quantity that determines the nature of scattering in the weak V limit. When the typical energy scale of the scattering by the impurities (∼ n i V ) is much weaker than the typical energy difference of the different bands (∆), i.e., n i V ≪ ∆, the scattering between different bands are negligible. However, even in this limit, estimating the anomalous Hall effect is nontrivial in a system with strong spin-orbit interaction, as the magnetism induce hybridization between the Kramers pairs due to the spin-orbital entanglement induced by the spin-orbit interactions. Nevertheless, our theory here implies that the asymmetry in the scattering rate for the nontrivial electronic bands with Berry phase can be evaluated solely by the Berry curvature, without any further details on the Wannier function and the hybridization thereof induced by the magnetism.
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